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PÉTER K I S S * AND D U I M I N I ! P H O N G * * 
RECIPROCAL SUM OF P R I M E D I V I S O R S OF LUCAS NUMHF.RS 
ABSTARCT: In this paper, among othore, uie shou that for any 
non-degenerate Lxtcas s e q u e n c e the reciprocal sum of 
the prime di vi nor it of the i t 1 term in lesti than 
tog log log n -*- c for any n > n Q . The constant c is an 
absolute one, only n depends on the parameters of 
the sequence. It is an extension of a result of 
P.Erdős who proved it for Mersenne numbers. 
L e t R = b e a L u c a s s e q u e n c e o f i n t e g e r s 
^ n = o 
d e f i n e d by 
R == A R * B R „ ( n > l > , n n - i n - 2 * 
w h e r e A, B a r e f i x e d n o n - z e r o i n t e g e r s a n d t h e i n i t i m l t . p r m s 
a r e R o ~ 0 , R ? = l . T h r o u g h o u t t h e p a p e r we a s s u m e t h a t C A , B ) ~ 1 
a n d t h e s e q u e n c e i s n o n - d e g e n e r a t e , t h a t , i s i f a a n d ß 
d e n o t e t h e r o o t s o f t h e c h a r a c t e r i s t i c p o l y n o m i a l x ? ' - A x - B , 
t h e n c i / f i i s n o t a r o o t o f u n i t y . I t i s known t h a t i n t h i s 
c a s e 
C l ) R as 
n a~f) 
f o r a n y n £ 0 . F u r t h e r m o r e i f p i s a p r i m e a n d p f B , t h e n 
t h e r e a r e t e r m s i n R s u c h t h a t p | R . We s h a l l d e n o t e t h e 
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l e a s t i n d e x w i t h s u c h p r o p e r t y b y r C p ) , i . e . r C p ) = n i f pJR 
b u t P-tRm f o r 0 < m < n . I n t h i s c a s e wo s a y p Í B a p r i m i t i v e 
p r i m e d i v i s o r o f R ^ . F o r p r i m e s p w i t h p j B t h e r e i s no t e r m 
R ^ C n ^ l ) d i v i s i b l e b y p i f C A , B ) = i j i n t h i s c a s e we a s s u m e 
r ( p ) = o o . I f p i s a p r i m e , p j B , D « A 2 + 4 B a n d C D / p ) d e n o t e s t h e 
L e g e n d r e ' s s y m b o l w i t h C D / p ) = 0 i f p j D t h e n , a s i t i s w e l l 
k n o w n , 
C 2 ) r C p ) I Cp - C D / p ) ) 
a n d 
C 3 ) p I R^ i f a n d o n l y i f r C p ) j n 
( s e e e . g . t 2 3 ) . 
I n t h e s p e c i a l c a s e C A j B ) = C 3 j - 2 ) t h e t e r m s o f t h e 
s e q u e n c e R a r e R ^ = 2 n — 1 . F o r t h i s s e q u e n c e P , E r d ő s E l 3 p r o v e d 
t h a t t h e r e a r e p o s i t i v e c o n s t a n t s c ' a n d c ' ' s u c h t h a t 
4 
2 - < l o g l o g l o g II + c" 
p | C 2 " ~ l ) 
f o r t h e d i s t i n c t p r i m e d i v i s o r s a n d 
5 ^ < c " . l o g l o g n 
d | ( 2 n - l ) 
f o r t h e d i s t i n c t p o s i t i v e d i v i s o r s o f t h e t .er»n«. E r d ő s n o t e d 
t h a t s i m i l a r r e s u l t s h o l d f o r t h e d i v i s o r s o f t h e n u m b e r s 
a n - l C a > l i s a n i n t e g e r ) b u t h e a s k e d w e t h e r t h e c o n s t a n t s 
c * a n d c * ' i n t h i s c a s e d e p e n d o n a o r n o t . 
I n t h i s p a p e r , u s i n g a l i t t l e m o d i f i c a t i o n o f E r d ő s * 
a r g u m e n t , - we e x t e n d t h e s e ' r e s u l t s f o r L u c a s n u m b e r s 
f u r t h e r m o r e we g i v e t h e i r i m p r o v e m e n t s b y s h o w i n g t h a t t h e 
c o n s t a n t s i n t h e i n e q u a l i t i e s d o n o t d e p e n d o n t h e s e q u e n c e . 
We n o t e t h a t R i f n^O ( s i n c e cx/73 i s n o t a r o o t o f 
ri ' 
u n i t y ) a n d we s h a l l w r i t e i f o r t h e r e c i p r o c a l sum o f t h e 
d i v i s o r s o f R i f R = 1 . 
THEOREH. T h e r e a r e p o s i t i v e a b s o l u t e c o n s t a n t s c a n d c , 
— — o 
w h i c h d o n o t d e p e n d o n t h e s e q u e n c e R , s u c h t h a t 





a n d 
t. 
C55 J ^ < c o l o g l o g n 
d | R 
' n 
f o r a n y n > n w h e r e n ^ d e p e n r l s o n l y o n t h e s e q u e n c e R. 
We n o t e t h a t s i m i l a r r e s u l t s c a n b e o b t a i n e d i f C A , B 3 > ± 
b u t i n t h i s c a s e t h e c o n s t a n t s c a n d c a r e n o t a b s o l u t e o 
o n e s , t h e y d e p e n d o n A a n d 8 
We a l s o n o t e t h a t i n t h e c a s e R = 2 n ~ l G . P o m e r a n c e [ 3 3 
o b t a i n e d r e s u l t s f o r s p e c i a l d i v i s o r s . L e t E ( n ) « 5 1 / d , 
w h e r e t h e s u m m a t i o n i s e x t e n d e d f o r p o s i t i v e i n t e g e r s d f o r 
w h i c h d | C 2 n - 0 a n d d | C 2 m - l > i f 0 < m < n , f u r t h e r l e t FCn)=» 
2 1 / d , w h e r e d r u n s o v e r t h e i n t e g e r s f o r w h i c h dJC2n—.1 > a n d 
d > n . Among o t h e r s P o m e r a n c e p r o v e d t h a t 
E C n ) £ ™ e x p ( c i + o c i ) ) V l o g l o g r T j 
f o r i n f i n i t e l y many n a n d t h e s o t o f n w i t h 
E i n ) < ~ C l o g i i ) 
n ° 
h a s l o g a r i t h m i c d e n s i t y 1 f o r a n y f u n c t i o n f f o r w h i c h 
f C n > 0 a s n «--> oo
 > f u r t h e r m o r e . 
FCn> < e x p - i o g n l o g l o g l o g n / 2 " l o g l o g n j 
f o r a l l l a r g e n . 
PROOF OF THE THEOREM. I n t h e p r o o f we s h a l l u s e p o s i t i v e 
r e a l n u m b e r s c ^ , c ^ , . . . , w i c h a r e a b s o l u t e c o n s t a n t s , a n d 
k , k 2 > . . . , w h i c h d e p e n d o n t h e s e q u e n c e R. 
F i r s t we c o n s i d e r i n e q u a l i t y C d ) . L e t 
ACn) = 2 £ • 
p | R 
By C 3 ) we c a n w r i t e 
A C n ) - J 2 £ • 
d j n r C p ) - = d 
a n d A C n ) c a n b e d i v i d e d i n t o t h r e e p a r t s : 
A . o o = 2 I f ; 
d j r» r C p ) = d 
d ^ i o g n 
a n d 
A 2 c n > = 2 I f ; 
d j n r C p ) = d 
d > l o g n pSn 
A ( n ) => 2 I ~ 
d I n rC p ) - d 
d > l o g n p > n 
s u c h t h a t 
C 6 ) A C n ) = A C n ) + A C n ) + A C n ) . 1 2 3 
By C I ) a n d C 2 ) i t i s e a s y t o s e e t h a t t h e r e a r e a t m o s t 
k ^ d ^ l o g d p r i m e s s u c h t h a t r C p ) = d , s o t h e n u m b e r o f p r i m e s 
i n sum A C n ) i s a t m o s t 
C l o g n ) ' k t ' i o g ° í o g n = k i * Í o g ° í o g n ' 
I t i m p l i e s , u s i n g t h e e s t i m a t i o n p ^ < c i i * l o g i f o r t h e i 
p r i m e , t h a t 
1 h 
- M 
A / r O < 2 
p3y 
w h e r e 
C 7 ) y - fciCl - ^ f l ü — * l o § . < 
f o r a n V s u f f i c i e n t l y l a r g e n . We k n o w t h a t 
C B ) J 1 < l o g l o g x + c 2 
p ^ x I 
t h u s b y C 7 ) a n d C 8 ) 
CO) A J C I I ) < l o g l o g l o g n + c g 
f o l l o w s . 
Now we g i v e a n e s t i m a t i o n f o r A ^ t n ) s u p p o s i n g t h a t n i s 
s u f f i c i e n t l y l a r g e . I t i s e n o u g h t o d e a l w i t h t h e sum 
( 1 0 ) A ; C n ) l b 
2 ' P 
d j n r C p ) = d 
d > l o g n p S n 
p < d 3 
i 1 I-, ti 
1 J - S J — ' — < c 
d I n r C p ) « d d > l o g n u d 
d > l o g n p ^ d 3 
a n d s o 
C l l ) A ( n ) < A l C n ) + c . 
2 2 4-
We c a n w r i t e A ' C m ) i n t h e f o r m 
2 
<12> A j C n í - 2 2 } * 0 ( , - » — ) , 
I =o 
w h e r e N i s a n i n t e g e r d e f i n e d b y 
M + 1 
C l o g n ) 2 < n S C l o g n ) z 
a n d t h e s u m m a t i o n i n £ i s e x t e n d e d f o r p r i m e s p f o r w h i c h 
l 
t l + i 
( l o g r i ) < p C l o g n > 2 
a n d F o r w h i c h t h e c o n d i t o n s i n C 1 0 > : a r e s n t i s f i e d . Ve? n o l . e 
t h a t O C 1 / l o g n ) i n C 1 2 ) c a n b e d i f f e r e n t f r o m z e r o o n l y i f 
t h e r e i r * a p r i m e p s u c h t h a t l o g n — 1 < p ^ l o g n , 
r C p ) = p + l a n d C p + i ) | n . S i n c e r C p ) = d , d | n a n d p < d * f o r t h e 
I, 
p r i m e s i n ^ , b y ( 2 ) , 
C p - C D / p ) , n ) £ d > Y p > [ l o g n ) 2 ' 
f o l l o w s a n d ( D / p i ^ O i f n I s l a r g e . 
L e t x b e a r e a l n u m b e r w i t h c o n d i t o n s 
y ^ ( l o g n ) < x 5 C l o g n > = y 
a n d l e t Q ( . i , x ) b e a s e t o f p r i m e s p d e f i n e d b y 
Q ( i , x ) = | p : p < x , C p - C D / p > , n ) > [ l o g n j 2 ' / 3 j . 
I f q C i , x ) d e n o t e s t h e c a r d i n a l i t y o f t h e s e t Q C i , x ) , t h e n 
e v i d e n t l y 
C 1 3 ) 1 T C p - C D / p > , n ) > [ l o g 
p < x 
O n t h e o t h e r h a n d E r d ő s p r o v e d t h a t 
1 T C p - i , n > < e x p [ c ^ x ' l o g l o g n / l o g x j 
p < x 
f o r a n y x > C l o g n ) i c a n d x i n C s e e C I S ) a n d C 2 1 ) i n E l l ) a n d 
w e c a n s i m i l a r l y o b t a i n t h a t 
1 T C p + 1 , n ) < e x p ^ c c x * l o g l o g n / l o g x j , 
p < x 
t h u s 
C 1 4 ) T ~ T C p - C D / p ) , n ) < 1 T C p - i , n ) • C p + 1 , n > < 
p < x p < x 
< e x p | c 7 x * l o g l o g » / l o g x j . 
C o m p a r i n g C l 3 ) w i t h C i4> 
c x 
C15) q í i , 3 í ) < 5 
2 l • l o g x 
f o l l o w s ? f o r 12:4. 
I.of. , i (m) bo an a r i t h m e t i c a l f u n c t i o n m i c h t h a t nCriO«»! 
i f m i s a p r i m e s a t i s f y i n g t h e c o n d i t i o n s f o r t h e p r i m e s i n 
k 
5 and aCm)~0 o t h e r w i s e . Then 
i. 
2 a<m) ^ q C i , x ) 
m^x 
by t h e d e f i n i t o n o f q C i , x ) a n d , u s i n g C15) and t h e f a c t 
y
 ;J,™y j" , by Abel's i d e n t i t y we h a v e 
C16:> 2 t ~ I aCm)'i 
. p m 
y -
: c 2 d t 
" ' J < 2 2 v 1 • l o g l o g n y
 1 f l o g t 2V 
f o r any i2:4L. B u t b y C8> 
= 0C1) 
^ \ P i R P P L T o g r V j 
í =o páClog n> p - ^ l o g n 
s i n c e p£d—1 i f r C p ) = d , and s o by CO) a n d C16) we o b t a i n 
C17) A ' C n ) « c ® 5 K - + 0C1) < c . 
2 O ~ t 1 O 
t A 
For t h e t h i r d summand o f ACn) we a l s o g e t A ^ C n ) = O C i > . 
Namely R has a t most k ^ i / l o g n d i s t i n c t p r i m e d i v i s o r s 
g r e a t e r t h a n n , and s o r e a l l y 
1 <? k n C18) A ( n ) 5 J L < L . i — . < c 3
 P n . ^ i t 
p 1R l o £ n 
' ' n 
p>n 
i f n i s s u f f i c i e n t l y l a r g e . 
Thus by C ő ) , C 9 ) , C l l ) , C i 7 ) ar id C IO) 
C1P> _ i 2 - = ACn> < l o g l o g l o g n + c s 
p\R 
follows which proves Cd) with c=cj2. 
Foi- the reciprocal sum of the positive divisors of R 
>
 r 
we ha ye 
5 h < T T t i + + + - • • j - r r [ i - ^ r ] < 
P | R p IR p|R. 
< T i 
P I R 
i / ( p - D _ 
= exp 
I P I R P - 1 
exp - C 1 3 + ^ 
P |R. 
and so by C19> 
2 j < exp { c J 4 + log log log ii J 
d jR 
follows which implies inequality C5) with c a ~ e 
REFERENCES 
t13 F,Erdős, On the sum J ; d _ 1, Israel J. Math., 9 
d 12^-1 
C1971), d3-~d0. 
f.23 D.H.Lehmer, An extended theory of Lucas» function, Ann. 
of Math., 31 C193Ü), dl9~dd8. 
t33 G.Pomerance, On primitive divisors of Mersenne numbers, 
Acta Arithm., dó C19Ö6), 355-367. 
